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CHAPTER 7:  RANDOM PROCESSES

So far, we have dealt with the emission and attenuation of radiation as if they were entirely predictable
processes.  Unfortunately (and emphatically), they are not.  For example, suppose the detection system
records the number of photons from a radiation source striking a detector in a specified time interval.  If
this counting experiment is repeated several times, the number of counts recorded will not be constant
from one experiment to the next.  In fact, the number of counts would be quite random, and, even if you
knew exactly the number of counts recorded in one sample, you could not predict exactly the number of
counts in the next or in any subsequent sample.  Fortunately, (to paraphrase Einstein) God apparently
does play dice with the universe, which does not behave chaotically.  Rather, the measurements would
be random in a statistical fashion.  This means that if a large enough number of measurements were made,
eventually you would be able to specify the average (or arithmetic mean) of the number of counts
recorded in a large number of samples.  You also could determine the standard deviation, or the spread in
the number of counts recorded over many individual measurements.  Indeed, you would be able to
specify the probability that a certain number of counts would be recorded in that specified time interval,
or for any time interval.  Therefore, you could specify the properties of a large number of measurements
very well, but could not predict the precise characteristics (i.e. number of counts) of an individual
measurement.

The process of radiation attenuation is also a random process; if you could deliver the same number of
photons to an object, the number of photons transmitted through that object would vary randomly.
Again, after making enough measurements, you would be able to specify the mean and standard deviation
in the number of photons transmitted, and predict the probability of a given number of photons to be
transmitted through the object.  You could specify the properties of a large number of measurements
very well, but could not predict the precise characteristics (i.e. number of transmitted photons) of an
individual experiment even if you knew exactly how many photons were being delivered to the object.

Because the basic processes of radiation emission and radiation attenuation are random, and because the
random nature of these processes is inherent and physically unavoidable, we are compelled to study the
characteristics of random processes.  This is a very important consideration since it focuses our attention
on the subject of noise.  We have previously defined noise as the random variation in a signal (i.e. in an
image).  As we will discover in the next chapter, this random variation has several physical causes.
However, we must develop the tools to quantify and model noise.  This will be the focus of this chapter.

7.1  Probability Distributions

Assume that we perform an experiment from which we derive an outcome x.  Furthermore, assume we
know that a random process determines our result.  For example, our outcome may be number of
photons that we measure from a radiation source.  This is an example where the possible outcomes are
discrete; we may obtain 1 count or 100 counts but will never obtain partial (e.g. 3-1/4) counts in any
given measurement.  In a second example, our outcome may be the distance that a 60 keV x-ray photon
travels through a thickness of water before it is Compton scattered.  In this example, the possible
outcomes are continuous and in this case may take any value greater than zero.  Whether we are dealing
with discrete or continuous measurements, we would like to know the probability of any given outcome.
This information is given by a mathematical function known as the probability distribution.
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Discrete Probability Distributions

In the case of a discrete variable x (i.e. one where outcomes takes integer values), the probability
distribution of outcome x (denoted by P(x)) gives the probability that an experiment will produce an
outcome equal to x.  In our example of a counting experiment in the previous paragraph, if P(5) = 0.12,
we are stating that in 12% of all trials, we measure 5 counts during a specified time interval from a
radioactive source.

The discrete probability distribution has certain characteristics that are important.  In particular, we
know that the probability is equal to 1 when we consider all possible discrete outcomes.
Mathematically, this is stated by the equation
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We also can define the mean value µ and standard deviation σx of the random variable x which is
distributed according to the probability distribution P(x)

 µ = xP(x)
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The square of the standard deviation σx
2 also is called the variance of x.  Subscripts are usually dropped

to simplify notation.

Continuous Probability Distributions

In the case of a continuous variable x (i.e. one where x takes real values), the definition of the probability
distribution of x (denoted by P(x)) must be modified slightly from that given for the discrete case above.
In particular, we define the probability distribution P(x) such that P(x) dx gives the probability for the
interval from x to x + dx.  In this case we refer to P(x) as a probability density function.

The continuous probability distribution, like the discrete probability distribution, has certain
characteristics that will be important.  In particular, we know that the probability is equal to 1 when we
consider all possible outcomes.  Mathematically, this is stated by the equation
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We define the mean value µ and standard deviation σ of the random variable x which is distributed
according to the probability density function P(x)

µ = xP(x) dx
x=!"
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# dx (7-4)

Again, the square of the standard deviation σ2 is called the variance of the distribution.
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7.2  Special Distributions

There are three probability distributions that we are particularly interested in because they occur
frequently.  They are (1) the binomial distribution, (2) the Poisson distribution, and (3) the Gaussian (or
normal) distribution.  They are presented here without derivation, but such can be found in common
statistics textbooks.

Binomial Distribution

The binomial distribution is a probability distribution of a discrete random variable x that can have only
two possible outcomes (called "success" or "failure"), where the probability of success in an individual
trial is p and similarly the probability of failure as 1-p.  The binomial distribution is signified by P(x;n,p)
which gives the probability of x number of successes out of n individual trials.  The binomial distribution
P(x;n,p) is

! 

P(x;n,p) =
n!

x!(n " x)!
px(1" p)n" x . (7-5)

An example where the binomial distribution can be used is calculating the probability that a certain
number of heads will occur in repeated coin tosses.  The probability of getting a head in one trial is 1/2 (p
= 0.5).  Therefore, the probability of getting 2 heads (x = 2) in 6 trials (n = 6) is

P(2;6,1/2) =[6! / (2! 4!)] (1/2)2(1/2)4 =0.23 (7-6)

Notice that when p=1/2 then (1-p)=1/2 so the last two terms in (7-5) can be grouped as (1/2)n.  Also,
note that the probability of obtaining all tails (x=0) or all heads (x=6) in 6 trials is (1/2)6.  Finally, the
sum of (7-5) over all possible outcomes is equal to one, since this is the probability of all possible
outcomes.

Poisson Distribution

A second important probability distribution of a discrete random variable is the Poisson distribution
where a single trial can produce 0 through a positive number of successful results.  Since this is a
probability distribution of a discrete random variable, a fractional number of outcomes is not permitted.
If independent trials are conducted with a mean value of λ then the probability of outcome = x in a single
trial is given by the Poisson distribution P(x)

P(x;λ) =
e− λλx

x!
(7-7)
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Unlike x, which must be a non-negative integer, λ can have a fractional value, since it is the average of
many independent trials.  For example, if we record a mean of 5.63 counts per second from a
radioisotope counting experiment, the number of counts for individual trials will be distributed according
to a Poisson distribution with λ=5.63: (Figure 7-1)

P(x) =
e−5.635.63x

x!
(7-8)

Therefore, the probability of obtaining 6 counts in a 1 second measurement is

P(6) =
e! 5.6 35.636

6!
=15.87% (7-9)

Inspection of Figure 7-1 shows that for this example the most likely outcome for any 1 second
measurement is x = 5.  Also note that the distribution is skewed toward values greater than the mean.
This asymmetry diminishes with increasing mean value.

A fundamental property of the Poisson distribution is that the variance of the distribution equals
its mean.  This is particularly important to radiation physicists since processes such as nuclear
disintegration and photon attenuation are Poisson distributed processes.  In these and other cases, if we
determine the mean value of a sequence of measurements of a physical process that is Poisson-
distributed, the standard deviation of the measurement is equal to the square root of the mean.

Gaussian Distribution

The Gaussian distribution is a probability distribution of a continuous random variable.  If independent
trials are conducted with a outcome having an arithmetic mean µ, and a standard deviation σ, then the
probability density function for a Gaussian distribution is given by

Figure 7-1. A Poisson probability distribution for a mean of λ = 5.63
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in which we have listed the parameters µ and σ explicitly.  Since the Gaussian distribution is a function
of a real continuous variable, probability of occurrence must be calculated differently.  Specifically, the
probability of obtaining a value between x and x+dx is equal to P(x; µ,σ) dx.  The probability density
function for a Gaussian random variable must be integrated over a non-zero range to determine
probability such that

probability  of  (a < x < b) = P(x;
a

b

! µ," )dx (7-11)

If random values are distributed according to a Gaussian distribution, then 68.3% of the events fall
within one standard deviation of the mean (i.e. in the interval from µ-σ to µ+σ), 95.5% fall within 2
standard deviations of the mean (i.e. in the interval from µ-2σ to µ+2σ), and 99.7% fall within 3 standard
deviations of the mean (i.e. in the interval from µ-3σ to µ+3σ).
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Both the Poisson and Gaussian distributions are important in x-ray imaging.  This is because in the limit
of large values of N, the Poisson distribution approaches a Gaussian distribution (Figure 7-2).  For large
values of N the Poisson distribution can be described by substituting µ for σ2 in equation 7-10

Figure 7-2. Poisson (grey bars) and Gaussian (solid line) probability density distributions are shown for means
of 3, 10, and 50.  This illustrates how the Poisson probability distribution becomes more Gaussian in nature at
higher values of the mean
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giving a probability distribution having both Poisson and Gaussian characteristics.  Since we typically
deal with large numbers of photons in radiographic imaging, the Gaussian distribution is used commonly
to describe the statistical nature of photon emission from x-ray and gamma-ray sources, as well as that of
the attenuation of photons by matter.  Therefore when working with these cases we can apply
properties of a Gaussian distribution in that 68.3% of the events fall in the range µ ± µ1/2, 95.5% fall in
the range µ ± 2µ1/2, and 99.7% fall in the range  µ ± 3µ1/2.  Note: In the case of a Poisson distribution that
µ is a dimensionless number so there is no dimensional problem with its square root.

The properties of a Poisson distribution also are important in medical imaging, since we often
characterize the level of noise by the standard deviation of a signal.  If the signal is randomly distributed
according to a Poisson distribution, the variance of the signal also equals its mean.  In counting
experiments, if we obtain N counts in a measurement, colloquial expression of this concept is that "noise
or the standard deviation (SD) equals the square root of N".  What is really meant by this expression is
that (1) if one records a measurement of the number of photons recorded by an ideal detector and
measures N photons, and (2) if one assumes that the measurement reflects the mean number of counts
recorded over a large number of measurements, and (3) if one assumes that the distribution of counts
follows a Poisson distribution, and (4) if one has a large number of counts (greater than 20) so that the
distribution also is Gaussian, then the square root of N is approximately equal to the SD and 68.3% of
future measurements should fall within +/- one SD.

7.3  Central Limit Theorem

A very useful theorem from statistics is the Central Limit Theorem, which states that the
distribution of means from any arbitrary distribution is approximately Gaussian, provided that
the number of samples is large enough. For example, we can use the Central Limit Theorem to
generate a Gaussian distribution from a uniform distribution.  The random number generator found on
most computers can provide a uniform distribution of samples. A Gaussian distribution will follow if we
create a new set of random samples as the average of N uniform random variables.

The uniform distribution [f(x)]defined for the continuous variable x over the interval [0,1] is

f(x) = 


 1    for 0 <_ x <_ 1
 0      elsewhere (7-13)

First, note that f(x) is normalized (i.e. the integral of f(x) over all values of x is unity.

f (x)dx
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Second, the mean µ of the distribution is equal to



Physics of Medical X-Ray Imaging (7) Chapter 7

µ = xf(x)dx
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and variance is

σ2 = ( x− µ )2 f (x)dx
−∞
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∫  =  (x − 1
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Therefore, if we take the sum of 12 uniformly distributed numbers, the mean µ of the sum will be
12x1/2= 6, the variance σ2 will be 12x1/12= 1, and the distribution of these sums will be Gaussian by the
Central Limit Theorem.

We can generate a new distribution ri by subtracting 6 from each sum giving us random numbers that are
Gaussian distributed with a mean of 0 and variance (and standard deviation) equal to 1.  A new Gaussian
distribution with can be made using the following transformation equation

xi  = N + ri N  (7-17)

and will be Gaussian distributed with a mean of N and a standard deviation of N .  Specifically, if we
wish to simulate a counting experiment where we record a mean number of counts equal to N and the
standard deviation as N1/2, then we can simulate this counting experiment using the values xi given in
equation 7-17 above.  This algorithm is very useful in modeling photon counting for x-ray and nuclear
imaging.

7.4  Propagation of Errors

If  z = f(x,y) depends on independent randomly distributed variables x and y, with variances σx
2 and σy
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This can be extended to calculate the variance of any function of any number of independent random
variables, if their functional relationship and variances are known.

Example 7-1

We are to determine the linear attenuation coefficient of aluminum at the gamma ray energy of 60 keV.
To do this, we have a 241Am source (emitting a 60 keV gamma ray) which we have collimated into a
narrow pencil beam.  We are counting with a 100% efficient NaI(Tl) scintillation crystal coupled to a
photomultiplier tube.  We will ignore any effects due to scatter radiation and count-rate dependent
phenomenon.  In other words, we assume that we have a perfect counting device.  When nothing (except
air) is in the x-ray beam, we obtain 6832 counts.  We then place a 1 mm thick piece of pure aluminum in
the beam and record 6335 counts.
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(a)  If there is no imprecision in the measured thickness of aluminum, what is the linear attenuation
coefficient of aluminum and what is the uncertainty introduced into its value by the count data given
above?

(b)  The tabulated value of the linear attenuation coefficient of aluminum is 0.7441 cm-1 .  Is the
difference between the calculated value and the tabulated value consistent with the precision you expect?

Solution:

(a)  We know that for narrow beam geometry, the relationship between the number of
photons without the attenuator (N0) and the number transmitted through the attenuator
material (N) is given by

N = N0e
! µx (7-19)

giving
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Therefore, the calculated value of the linear attenuation coefficient is

µ =  
1

0.1 cm
ln

6832
6335
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&  =  0.7553 cm' 1 (7-21)

Since both N and N0 are random values, the uncertainty in the calculated value is given by
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Both gamma emission and attenuation are Poisson processes.  Therefore, the variances of
each measurement is equal to its mean so that
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and
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Substituting x = 0.1 cm, N = 6335, and N0= 6832, we obtain the variance in µ introduced
by imprecision in the count data,

σµ
2 = 3.042 x 10-2  cm-2 or  σµ = 0.1744 cm-1 (7-25)

(b)  The calculated value of 0.7553 cm-1 is within 1 standard deviation of the tabulated value

of 0.7441 cm-1 , and the difference can be accounted for by statistical imprecision alone.

More Examples for Propagation of Errors:

Here z is a random variable formed from random variables x and y.

Addition/Subtraction:   
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z= x ± y    "z
"x( )2

= (1)2    "z
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Multiplication:  
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Division:    
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Exponentiation: 

! 

z= xa    "z
"x( )2

= (axa#1)2    $ %z
2 = (axa#1)2%x

2    and  %z

z( )2
= a2 %x

x( )2
(7-29)

• Net variance is the sum of the variances of each random variable whether we are adding or
subtracting them.

• Net relative variance is the sum of net relative variance of each random variable whether
we are multiplying or dividing them.

• In exponentiation relative variance is scaled by the square of the exponent.
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Chapter 7:  Homework Problems

1.  A measurement is made of the time interval between successive disintegrations of a radioactive
sample.  After a large number of measurements, we can determine that the disintegrations occur
completely at random and at a constant rate.  However, the time elapsed between successive
disintegrations is distributed according to an exponential distribution f(t), given by the equation

f (t) = ! e"! t

(a) Show that f(t) behaves like a distribution over the domain [0,+∞) by proving that

f (t)dt =  1
0

+!

" .

(b) Prove that the mean time interval t of the exponential distribution is µ = 1/θ and that its
standard deviation is σ =  1/θ.

(c) If we perform an experiment and find that the mean time interval between successive
disintegration is 3 seconds, find the probability that a disintegration will occur within 2
seconds of a preceding one.

2.  Write a computer program in any language (Fortran, C, Basic, etc) or with a spreadsheet (Excel,
Lotus 123, etc) to compute 100 Poisson distributed numbers with an arithmetic mean equal to
61.  (Extra credit:  Determine the Poisson distribution for this example and compare it against the
distribution of numbers which you obtained from your computer program.)

3.  You perform a counting experiment with a weak radioisotope source and a Geiger counter in
which you measure 269 counts in 1 minute.

(a) Derive the Poisson probability distribution which describes the probability of obtaining n
counts in 1 second (not 1 minute!).

(b) Assuming that the radioisotope source has a relatively long half-life (so that the count rate
does not change during your measurement), what is the probability of measuring 3 or more
counts in any 1 second interval of time?

4.  You've assigned a student helper to make measurements on a radiolabelled protein and instructed
him to repeat each measurement 10 times so that you can calculate the mean and standard
deviation of the measurement.  The student works on this project and when he returns, he
reports that he has made 10 measurements and obtained the following values:

105, 104, 107, 102, 101, 106, 105, 107, 107, 108.

(a) Calculate the mean and standard deviation of this measurement, and show that the
measured standard deviation is smaller than that you would expect from a counting
experiment.
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 (b) Is the observation from (a) possible for a radiation counting experiment?  Discuss
possible reasons why the measured standard deviation could be smaller than the
theoretically predicted value?

5.  The exponential probability density function f (t) = ! e"! t  describes how successive
disintegrations are distributed in time.

(a) Given that the minimum resolving time of a detector is 1 msec, at what true count
rates will (i) 10%, (ii) 20%, and (iii) 50% of the true events be lost.

(b) What is the observed count rate for each case?

6. The distance between two points in a 3-D image is calculated as

! 

d = x1 " x2( )2 + y1 " y2( )2 + z1 " z2( )2

where (x1,y1,z1) and (x2,y2,z2) are the coordinates of the two points and (σx1, σy1, σz1) and (σx2,
σy2, σz2) are the associated standard deviations.  Calculate the standard deviation in the
calculated distance (σd) in terms of these parameters using propagation of errors.


