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Scaling and shifting of functions.
An integrable fundionf(x) can be haght scaled, width scaled, and shifted along x.

(a = height scale
c =width scale
a- f(x) Jb=origin shift

Ta- f(E=D)dx =a-ch(x)dx

Theintegra of theheghtand width scaled fundion istheintegral of theorigind fundion
multiplied by the produd of the heghtand width scales alc. We refer to GilcOas the area scale,
andif a=1/c then theareais unchangad by thescaling. The shift term does not affect area as
long as thelimits of integration span therangeof thefundion.

Scaling and shifting of template functions in Chapter 5.

Thenomalized sincfundionis

-1 @=0

sinr) =0 @x==n for n>0 andnisaninteger

sinc(x) =

fsinc(x)dx =1

Thegenea form of thesinc fundionmay be scaled and shifted

) . =a @x=>b
a-Sinc(ﬂ)=a-M 1=0 @=t==xn for n>0 andnisinteger
c J'L'(x_b) c -

fa-sinc(%)dx = a-cfsinc(x)dx =a-c
NOTE: If a= 1/cthen theareafor the scaled sinc fundion remainsunity.
Thescaling and shifting propaties for other normalized template fundions(rectangle, triangle,

and Gaussian) follow thetrend given for thesinc fundion.

Relationship between rect and sinc functions.

Several interesting results are seen when we evaluae the Fourier trandorm of f(x) = rect(x/a).
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3) so" [f(x)] = F(u)= a sinc(au)

From this smple exercise we see tha f(x) = rect(x/a) with width scale = atrandormsto
F(u) = asinc(au) with heightscale = aand width scale of 1/a

Result 1. Sincef(0) = 1 theintegral of F(u) should beunity. Thisiseasily confirmed since the
integral of sinc(u) isunity andthe area scale is also unity for a&inc(au).

Result 2. Since F(0) = a, theintegral of f(x) =a. Thisiseasly confirmed for rect(x/a) since its
heght=1 anditswidth=a

Result 3. Settingg(x) = l/arect(x/a) leadsto G(u) = sinc(au) and areareverses Results 1 & 2.

Result 4. a= 1 |leadsto theclassic unit areatemplates, f(x) = rect(x) and F(u) = sinc(u), as
Fourner trandorm pairs.

Result 5. For the spaia domain fundion rect(x/a) the corresponding frequency domain
adinc(au) first goesto zero at u=1/a. Thissuppotsasincfundiontha goesto zero at non
integer multiplesof ". This zero point isindependent of haghtscaling.

Result 6. Inthelimit as @Ogoes to infinity rect(x/a) approaches a unity valued condant over al
X. We knowthat the Fourier trandorm of such a condant is#(u) leading to thefollowing:
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o(u) = S[rect(f)] = f e~ dx
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